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Magnetic nanoparticle clusters have several biomedical and engineering applications, and
revealing the basic interplay between particle configuration and magnetic properties is
important for tuning the clusters for specific uses. Here, we consider the nanoparticles
as macrospins and use computer simulations to determine their magnetic configuration
when placed at the vertices of various polyhedra. We find that magnetic dipoles of equal
magnitude arrange in flux-closed vortices on a layer basis, giving the structures a null
remanent magnetic moment. Assigning a toroidal moment to each layer, we find that the
geometrical arrangement, i.e., ”triangular packing” vs. ”square packing,” of the moments
in adjacent layer determine whether the flux-closed layers are ferrotoroidal (co-rotating
vortices) or antiferrotoroidal (counter-rotating vortices). Interestingly, upon adding a
single magnetic moment at the center of the polyhedra the central moment relaxes along
one of the principal axes and induces partial alignment of the surrounding moments.
The resulting net moment is up to nearly four times that of the single moment added.
Furthermore, we model quasi-static hysteresis loops for structures with and without a
central moment. We find that a central moment ensures an opening of the hysteresis
loop, and the resultant loop areas are typically many-fold larger compared to the same
structure without a central moment.
I. INTRODUCTION
A proposed avenue to construct nanomate-
rials featuring some desired magnetic prop-
erty is to assemble them bottom-up, utiliz-
ing nanoparticles as building blocks. The re-
sulting assemblies represent a wide range of
structures, such as clusters1, rings2, chains3,
dendrites4, and close-packed 3D structures5.
These materials are currently being investi-
gated for applications as diverse as permanent
magnets6, data storage7, magnetic sensors8,
and for therapeutic uses such as drug carriers
and agents of hyperthermia9.
Their overall magnetic properties, e.g., net
moment and coercivity, depend non-trivially
on the internal configurational space of mag-
netic nanoparticles, i.e., mutual arrangement,
morphology, composition, and particle size.
a)Electronic mail: matku@fysik.dtu.dk
Clearly, the resulting magnetic properties are
decisive for their applications. For instance, in
the case of magnetic hyperthermia, the heat-
ing properties of magnetic nanomaterials are
positively linked to the hysteresis10, while for
use in sensors or power converters hysteresis
losses have to be limited.
So far, most modeling studies of
nanoparticle-materials have focused on
understanding the structure-property link of
large 3D structures, e.g., Refs. 11–13 and 1-2D
structures, e.g., Refs. 14 and 15, while small
3D structures such as clusters have been inves-
tigated only sparingly, e.g., Refs. 16 and 17.
However, due to large number of biomedical
applications of magnetic nanoparticle clusters,
see e.g., Refs. 1 and 9, computer simulations,
which seek to replicate the experimentally
observed properties begin to be reported e.g.,
Refs. 16 and 18. Yet, the causal link between
configurational space and desired emerging
property in nanoparticle clusters is not yet
fully established19, and a more fundamental
2overview seems to be needed. In the case
of small 3D-structures with often a complex
internal particle arrangement, the structure-
property link can be difficult to ”grasp,” as
relatively small variations in configural space
and interparticle interactions may lead to
very different properties. It therefore appears
relevant to address the fundamentals and
question which magnetic order do even very
simple nanoparticle clusters, e.g., particles
arranged as a tetrahedron or cube, possess,
and to which extent would it be possible to
tune the properties by structural design.
In this paper, we examine small
geometrically-defined nanoparticle clus-
ters, consisting of 4-20 magnetic moments
placed at the vertices of various polyhedra.
The nanoparticles are modeled as Heisenberg
macrospins. The clusters considered are the
five Platonic solids (tetrahedron, octahedron,
cube, dodecahedron, icosahedron) and the
square antiprism. We also examine the same
structures with a central moment added
(transforming the cube into a body centered
cubic (bcc) structure, etc.). We determine
the dipolar ground states of these clusters,
and we discuss systematically these states, as
well as the role of the added central moment
in enhancing total moment and hysteresis
heating.
II. METHOD
We model collections of macrospins as pure
magnetic dipole moments locked in spheri-
cal particles (corresponding to infinite mag-
netocrystalline anisotropy), and assume that
their interaction is purely dipolar. The inter-
action energy of this system is described by
U =
µ0
4pi
∑
i<j
(
~µi · ~µj
r3ij
− 3(~µi · ~rij) (~µj · ~rij)
r5ij
)
(1)
where ~µi is the magnetic moment of macrospin
i, and ~rij is the separation vector between
macrospins i and j. We assign to each
macrospin, a magnetic moment of identical
magnitude |~µi| = µ. This leads to the effective
interaction
U = U0
∑
i<j
(
µˆi · µˆj − 3 (µˆi · rˆij) (µˆj · rˆij)∣∣r3s,ij∣∣
)
,
(2)
U0 =
µ0µ
2
4pia3
, (3)
where rs,ij = rij/a and a is the center-to-
center distance between two nearest-neighbor
moments.
To determine the ground state energies and
configurations, we perform Molecular Dynam-
ics (MD) simulations on the collections of mo-
ments, with moment positions stationary, such
that rotation of the moments in three dimen-
sions are the only available degrees of freedom.
MD has been chosen over energy-minimizing
algorithms to allow for displacement of the
moments at a later stage.
The rotation of spherical particles is mod-
eled by Newtons equations of motion for a
spinning body. We calculate the torque ~τi on
a macrospin ~µi from its interaction with the
field Bi, i.e., the superposition of the dipole
fields from the other macrospins, as
~τi = ~µi × ~Bi(ri), (4)
~Bi(ri) =
B0
2
∑
i 6=j
(
3 (µˆj · rˆij) rˆij − µˆj∣∣r3s,ij∣∣
)
, (5)
where B0 is U0/µ. For simulations of hystere-
sis properties we apply an external magnetic
field with field strength Bext generating an ad-
ditional torque on the ith moment, in which
case ~Bi(ri) is replaced by ~Bi(ri) + ~Bext in
equation (4).
For the integration of the equations of mo-
tion, we use the velocity Verlet algorithm de-
scribed in20
~θ(t+ δt) = ~θ(t) + δt~ω(t) +
1
2
(δt)
2
~α(t) (6)
~ω(t+ δt) = ~ω(t) +
1
2
δt [~α(t) + ~α(t+ δt)] .
(7)
where ~θ, ~ω, and ~α are the angular displace-
ment, velocity and acceleration, respectively.
A midpoint angular velocity is calculated at
3time t + 12δt, and this is used to advance the
position to time t+δt, from where a new calcu-
lation of the torque and angular acceleration is
performed. This angular acceleration in turn
is used to advance the angular velocity to the
current time-step. This algorithm is compu-
tationally simple and is furthermore symplec-
tic such that there is no artificial damping or
excitation21.
The simulations are initialized with mo-
ments at rest and random starting orientations
in all three dimensions.
The spatial rotations resulting from the an-
gular accelerations are performed by quater-
nion algebra to avoid the usual problems as-
sociated with rotation in three dimensions22.
The simulation terminates when the largest
angular displacement between successive iter-
ations falls below a pre-determined limit. The
simulations are repeated several hundred times
from different starting configurations to sub-
stantiate that the macrospins relax towards
the ground state rather than towards a lo-
cal minimum of the energy landscape. To
further quantify this, the energies of selected
moment configurations have been compared.
Since we are working with a relatively small
(≤ 20) number of moments in simple geomet-
rical structures, we expect to find only a few
well-defined states as ground state candidates.
For hysteresis simulations, we start from a
ground state of the selected structure and step-
wise apply the Bext field along a fixed direc-
tion. At each step, the moments of the struc-
ture are allowed to relax. The simulation ter-
minates after completing a full hysteresis loop.
III. RESULTS AND DISCUSSION
A. 2D polygons
In order to introduce our nomenclature, we
first look at dipoles located at the vertices of
regular convex 2D polygons. In such cases,
we find as observed by several others that the
dipolar interactions will relax the moments
into flux-closed vortex structures. The equili-
brated magnetic moments are directed tangen-
tially to the circumscribed circle of the poly-
gon, and the resulting net moment is zero23.
Such a flux-closed vortex structure for an equi-
lateral triangle, with qualitative field contours
superposed for illustrative purposes, is shown
in Fig. 1. The rotation of the vortices is either
clockwise (CW) or counterclockwise (CCW),
hence the energy ground state is twice degen-
erate.
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Figure 1. The ground state of three magnetic mo-
ments (blue arrows) placed at the vertices of an
equilateral triangle (red) and the ~ri vectors (black
dashed arrows) from the polygon center to the ver-
tices. The moments organize to form a flux-closed
vortex, here shown rotating clockwise and giving
rise to an into-page toroidal moment ~T . The qual-
itative field contours produced by the three mo-
ments are also shown.
For each polygon, a toroidal moment can be
defined as
~T =
1
2
n∑
i=1
~ri × ~µi (8)
where ~ri is the position vector from the origin
to the i-th moment. The toroidal moment is
origin independent24 only if ~µtot = 0. Fig. 1
shows the ~ri and ~µi vectors. The toroidal mo-
ment (which points into the page in Fig. 1)
represents the sense of rotation of the flux-
closed vortex. For an n-sided regular convex
polygon we define a maximal toroidal moment
T0 = nµa/2 sin(pi/n), associated with the per-
fect vortex state where all the moments are
tangential; T0 is to be understood as a satura-
tion toroidal moment.
4B. Platonic structures
The 3D structures—the tetrahedron, oc-
tahedron, cube, square antiprism, dodecahe-
dron, and icosahedron—shown in Fig. 2 can
all be described as composed of layers of con-
vex regular polygons with their centers aligned
on top of each other. The shape of the poly-
gon layers are typically the same as the shape
of the polygon faces, i.e., the octahedron and
icosahedron both have triangular layers, whilst
the cube has square layers, and the dodecahe-
dron has pentagonal layers. However, in the
case of the tetrahedron, which has triangular
faces, the layers are described by a segment
(a degenerate 2-sided polygon). The tetra-
hedron, the octahedron, the cube, and the
antiprism each consist of two polygon layers,
while the dodecahedron and the icosahedron
consist of four layers. We classify the layers as
inner and outer layers dependent on whether
they have two or one neighboring layers, re-
spectively. For the icosahedron and the do-
decahedron, there is a difference in side-length
of the inner and outer polygon layers.
For each of the polyhedra, we identified the
ground states for magnetic moments placed at
their vertices. The moment configurations of
the ground states are shown in Fig. 2 and their
magnetic characteristics listed in Table I. We
find that for all structures, there is tendency
for the ground state to have moments orga-
nized into flux-closed vortices on a per-layer
basis, where moment components are exclu-
sively within the plane of the layer. Conse-
quently, we find that all the ground states in
Fig. 2 have zero net moment.
The rotation (CW/CCW) of the flux-closed
vortex for each layer is shown in the panels
of Fig. 2 with a teal arrow. The rotation
can change from layer to layer, as it does for
the cube and for the dodecahedron, or be the
same, as for the tetrahedron, the octahedron,
the square antiprism, and the icosahedron. All
structures in Fig. 2 have been oriented such
that their flux-closed vortices are in the x− y
plane. The toroidal moment vector is thus per-
pendicular to this plane, and a CW (CCW) ro-
tation gives a negative zˆ (positive zˆ) toroidal
moment. Ground states that correspond to
flux-closing vortex layers in other symmetri-
cally equivalent planes are also possible.
In the case of the tetrathedron, where the
moments are only spanned by a line, the re-
sulting moment configuration can still be re-
garded as flux-closed, since the two moments
are oriented tangentially to the circumscribed
circle and have the maximum value of toroidal
moment, ~T = aµzˆ. This is, however, not
the minimum-energy configuration of two mo-
ments on a line.
By comparing ~Tz with ~T0 (Table I), we see
that for the structures consisting of only two
layers, the toroidal moment is either at its
maximum value or zero. For the dodecahe-
dron with four layers, we find an intermediate
value. Two-layer structures have equal magni-
tude toroidal moment vectors for the two lay-
ers, such that co-rotating moments double and
counter-rotating moments cancel the overall
toroidal moment. For multilayer structures,
the difference in polygon side-lengths means
that the maximum toroidal moments of the
single layers have different values. For the
dodecahedron, the two larger pentagons co-
rotate, giving a net toroidal moment pointing
in the direction dictated by the rotation of the
large pentagons.
Our simulations additionally confirm an in-
teresting finding25 for the cube, where the
dipolar ground state is found to be infinitely
degenerate, with all moments of the degener-
ate ground states in the planes perpendicu-
lar to the cube body diagonals, i.e., the {111}
planes. These planes are indicated by green
circles in Fig. 3, along with 50 sets of mo-
ments that have relaxed to the ground states
from a random initial orientation. All mo-
ments placed body-diagonally opposite to each
other are parallel. The moments within a layer
have alternating orientations, pointing up and
down relative to the z-axis one after the other
by the same angle within the {111} planes, in
all cases leading to zero net moment. We do
not find this infinite planar degeneracy in the
other structures.
The ground state of the cube presented
in Fig. 2C has maximum toroidal moment
for a single layer, while the toroidal moment
for a layer in Fig. 3 decreases as the mo-
ments are rotated out of the x − y plane.
The body-diagonally parallel moments ensures
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Figure 2. The dipolar ground states for the: (A) tetrahedron, (B) octahedron, (C) cube, (D) square
antiprism, (E) dodecahedron, and (F) icosahedron are indicated with blue arrows showing the relaxed
moments at each vertex. For each layer, the rotation is indicated by a teal arrow, such that a CW
(CCW) arrow (as seen along −zˆ) indicates a toroidal moment in negative zˆ (positive zˆ) direction. The
packing of the moments is shown with a bold red line, while dashed red lines signifies that the packing
is not coinciding with the edges of the structure.
6Type n U/U0 µnet [µ] µ
c
net [µ] ~T0 [µ · a] ~Tz [µ · a] ~T cz [µ · a]
Tetrahedron 4 -0.6250 0 2.22 2 2 0
Octahedron 6 -1.2576 0 3.70 2 · √3 2 · √3 0
Cube 8 -1.8154 0 1.92 4 · √2 0 0
Square antiprism 8 -1.9910 0 2.54 4 · √2 4 · √2 4.9871*
Icosahedron 12 -3.1662 0 1.60 9.0691 9.0691 8.8531
Dodecahedron 20 -5.0047 0 0.69 22.2703 5.2573 5.2514
Table I. Ground state characteristica for the different structures that have been simulated. Type of
polyhedra, number of magnetic moments n, ground state energy U , net moment µnet, net moment
when a central moment of µ is added µcnet, maximum toroidal moment ~T0, toroidal moment along the
zˆ direction ~Tz, and toroidal moment when a central moment of µ is added ~T
c
z . The values refer to the
ground states shown in Fig. 2. *The antiprism does not relax to a ground state with the toroidal moment
in the zˆ direction.
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Figure 3. A collection of 50 of the infinitely de-
generate ground states (orange arrows) for the
cube, obtained from random starting moment di-
rections. Light blue arrows indicate the ground
state presented in Fig. 2C, while dark blue ar-
rows are guides to the eye for another single set of
degenerate moments to better illustrate the align-
ment of the individual moments.
that the two layers always have the same mag-
nitude toroidal moment. Since the degenerate
ground states retain their counter-rotating na-
ture, the toroidal moment vectors thus cancel
each other out.
1. Effect of packing on toroidal moment
We noticed the changing toroidal moment
directions for adjacent layers and find that this
ferro-/antiferro-toroidicity relates to the pack-
ing of the moments in adjacent layers. This
becomes very clear when comparing the cube
and the square antiprism, both structures with
eight moments and the same inter-moment
distance, the only difference being that the up-
per face of the square antiprism has been ro-
tated 45° with respect to the lower face. As can
be seen from the faces highlighted in bold lines
in Fig. 2C and 2D, these two structures have
two distinct packings between layers: ”trian-
gular” or ”square.”
For all simulated structures, we find that
a triangular packing of moments in adjacent
layers leads to co-rotational alignment of mo-
ments between layers, while for square pack-
ing, the layers are counter-rotating. A com-
bined example is that of the dodecahedron
(Fig. 2E) which has both square-like and tri-
angular packing between layers, and conse-
quently changes rotation such that the outer
layers are counter-rotating with respect to the
inner layers and the two inner layers are co-
rotating with respect to each other. This
is reminiscent of (anti)ferrotoroidicity26,27,
where toroidal moments are (anti)aligned over
long distances. For planar structures, it has
been previously shown that dipolar forces
lead to ferro- or antiferromagnetic alignment
dependent on the packing of the moments
involved28, and our simulations show that this
7is also the case in 3D structures, as shown in
Fig. 2.
In contrast to ordinary exchange-mediated
ferromagnetism where the alignment is global,
at least within a rather large domain, it
is noticeable that the exchange-decoupled
macroscpins within the simulated structures
can reverse direction from layer to layer.
C. 2D and 3D structures with central moments
If a central moment is added at the center
of a planar structure as shown for the equilat-
eral triangle in Fig. 4, we find that the central
moment chooses to align with one of the sym-
metry axes in the triangle and forces the vertex
moment on this axis to co-align. The remain-
ing two vertex moments are slightly canted
with respect to the base of the triangle, such
that the net moment for the structure is 1.99µ
in the direction of the central moment. For
polygons with n > 3 sides (i.e. square, pen-
tagon, hexagon, etc.), we similarly obtain pre-
ferred directions of the central moment. When
n is even, the central moment has n degen-
erate orientations (towards the sides for the
square, towards the vertices for the hexagon),
while when n is odd it has 2n degenerate ori-
entations. However, coupling between the cen-
tral moment and the moments on the poly-
gon drops rapidly with increasing n, in par-
ticular as n−6, and already for n > 8 the
central moment is effectively decoupled and
does not relax towards any particular direc-
tion over the time scale spanned by our sim-
ulations. The rapid decrease of the coupling
as n−6 originates from the distance between
central moment and vertex moments, equal to
a/ sin(pi/n), i.e., the circumradius of the poly-
gon, and from the induced dipole moment on
the polygon being proportional to the dipole
field of the central moment, each reducing the
dipole-dipole energy scale by a factor n−3.
We now again turn our attention to the 3D
structures that we previously found to be con-
structed from layers of polygons. First, we add
a central moment to the cube, i.e., changing it
into a bcc structure as shown in Fig. 5A. In
this case, the central moment direction is cho-
sen from one of the 〈100〉 directions and the
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Figure 4. The ground state of four magnetic mo-
ments (blue arrows) placed at the vertices of an
equilateral triangle (red) and at the center of mass.
The qualitative magnetic contours produced by
the four moments are also shown.
infinite degeneracy described above is lifted,
leaving a 6-fold degeneracy. The vertex mo-
ments are displaced with respect to the layered
cube ground state as presented in Fig. 2C, and
acquires a component in the direction of the
central moment. In Fig. 5B, this is a µz com-
ponent of 0.115µ, giving the entire structure
a net magnetic moment of (1 + 8 · 0.115)µ =
1.92µ. Each vertex moment also acquires an
outward component, as seen in Fig. 5C. All
displacements are of such limited magnitude
that the counter-rotation of the two layers
from the cube ground states is still observed.
1. Effect of central moment on net moment
For all structures considered, a net moment
is generated when a central moment is added
as listed in Table I (figures not shown). All
structures show a set of particular directions
along which the central moment aligns. We
find, as for the bcc described above, that the
direction of the central moment is perpendicu-
lar to the layers that we observed in the panels
of Fig. 2, and we observe a change in vertex
moment components along the direction of the
central moment, i.e., the µz direction. The
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Figure 5. A: The ground state of magnetic mo-
ments in a bcc structure (blue arrows). The central
moment has chosen a direction among the 〈100〉
directions. B (Side view): The vertex moments
all acquire a component in the same direction (zˆ).
C (Top view): The vertex moments also acquire
an outwards component in the x − y plane, such
that the moments are no longer tangential to the
circumscribed circle (black dashed lines).
only exception to this trend is found in the
square antiprism, which has a metastable state
with the central moment towards the center
of a square face, but the ground state has the
central moment pointing to two points on each
triangular face.
The alignment of vertex moments in the di-
rection of the central moment gives especially
the smaller structures (tetrahedron, cube, oc-
tahedron, and icosahedron) a net moment sig-
nificantly larger than the strength of the single
magnetic moment that is added. The largest
net moment is observed in the octahedron,
where each vertex moment acquires a com-
ponent of 0.45µ in the direction of the cen-
tral moment, leading to a total net moment of
(1+6·0.45)µ = 3.70µ. The dodecahedron [net
moment (1+10 ·0.03+10 · (−0.06))µ = 0.69µ]
has moments in its inner layers that anti-align
with the central moment to yield a negative
contribution to the net moment. The icosahe-
dron also acquires this anti-alignment of the
inner layers.
Alignment of vertex moments can be ex-
plained by examining the field of a dipole.
At polar angle arccos 1/
√
3 = 54.7° we have
~Bdip,z = 0, where the z-component of the
dipolar field changes from parallel to anti-
parallel to the dipole itself. We adopt the
name of the magic angle from the field of nu-
clear magnetic resonance29 and have added a
cone at this angle to an icosahedron with a
central moment in Fig. 6. The vertex moments
of the outer layers are inside the cone and align
with the central moment, while those of the
inner layers outside the cone align against the
central moment.
The angle between the direction of the cen-
tral moment and a vertex moment in the cube
is exactly the magic angle, and the field from
the central moment has no component paral-
lel to its direction at the vertex moment po-
sitions. However, the field from the central
moment does have components that point ra-
dially outwards (inwards) at the upper (low-
er) vertex moment positions. These radial
components rotate the previously flux-closed
moments, the resulting asymmetry leading to
out-of-plane torques between the vertex mo-
ments. The resultant effective torque forces
the vertex moments out of the x − y plane.
Thus, the dipolar field in the x − y direction,
rather than in the z direction, is responsible
for the observed increase of net moment.
In general, we attribute the larger net mo-
ment for smaller structures (i.e. tetrahedron
and octahedron) to the stronger dipolar inter-
action (due to shorter distance) between cen-
tral moment and vertex moments.
2. Effect on the toroidal moment from a
central moment
Under the addition of a central moment, the
net moment is no longer zero and the toroidal
moment becomes origin-dependent. In these
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Figure 6. The ground state of moments (blue ar-
rows) arranged in an icosahedron with a central
moment oriented along zˆ (not visible), shown with
a cone of polar angle arccos 1/
√
3 ≈ 54.7° repre-
sentative of Bdip,z = 0. Vertex moments within
the cone have a component in the direction of the
central moment, vertex moments outside the cone
have a component opposite the central moment.
cases, we have chosen to calculate the toroidal
moment from the center of mass of the struc-
tures (in Table I).
The tetrahedron and the octahedron lose
their toroidal moment when a central moment
is added. For the tetrahedron, the central
moment results in vertex moment directions
reminiscent of those in spin-ice pyrochlore
lattices30, with “2-in 2-out” configurations. As
the vertex moments of one layer all point to-
wards or away from the central moment, their
individual components will cancel on a layer-
basis, such that the overall toroidal moment is
0.
The cube structure with a central moment
retains its toroidal moment of 0. For the bcc
each layer contributes a toroidal moment in
the zˆ direction as for the cube, but due to the
counter-rotation of the moments, the overall
toroidal moment vanishes.
The icosahedron and dodecahedron have no
substantial change in toroidal moment when a
central moment is added, with new values only
slightly (2.4% and 0.1%, respectively) lower
than those for the ground state without a cen-
tral moment, but otherwise in the same di-
rection. In these structures (i.e., icosahedron
and dodecahedron), the distance between ver-
tex and central moments, compared to that of
the smaller systems, means that vertex mo-
ment directions are only slightly perturbed,
and correspondingly the toroidal moment is
only slightly lowered.
3. Effects on the hysteresis loop from a central
moment
In the simple 2-dimensional case, we have
simulated a quasi-static hysteresis loop for the
triangle with and without a central moment.
The resultant plot for selected field directions
can be seen in Fig. 7. Without a central mo-
ment, the triangle shows a slight butterfly-
opening of the hysteresis loop when the ap-
plied field is along a side of the triangle (corre-
sponding to xˆ in Fig. 1). The area of this loop
is A = 0.07U0/n. With the field applied per-
pendicular to a side of the triangle (i.e., along
yˆ in Fig. 1), there is no opening of the loop,
and hence the hysteresis area A = 0. With
a central moment, the loop of the triangle is
open in zero-field. This leads to a hysteresis
area of Ac = 0.27U0/n when a field is applied
perpendicular to a side (corresponding to yˆ in
Fig. 4). With the field applied along a side of
the triangle (xˆ in Fig. 4) the hysteresis area
is Ac = 0.11U0/n . We have performed hys-
teresis loops at field directions in 3° intervals
between the two directions described here, and
have found that the triangle with a central mo-
ment consistently has a larger area (average
Ac = 0.16U0/n) than the triangle without a
central moment (average A = 0.04U0/n), i.e.,
a 4-fold increase in average loop area.
We also simulated the hysteresis loops for
some Platonic clusters with and without a cen-
tral moment, with hysteresis loop area per
moment Ac and A, respectively, summarized
in Table II. For the tetrahedron and octahe-
dron the hysteresis area increases from zero to
above 0.5U0/n with the addition of a central
moment. The larger structures (cube, icosa-
hedron) sees a less significant effect on the
hysteresis loop area per moment, with val-
ues after the addition of a central moment
up to 0.06U0/n and 0.02U0/n, respectively.
10
The largest loops are generally found when the
magnetic field is in the direction of the central
moment in the relaxed cluster. We assume
that the partial alignment of the vertex mo-
ments to the central moment acts as an effec-
tive anisotropy and delays the reversal when
the field is reversed. This also explains why
we see a stronger effect on the smaller clusters
as these have a greater interaction between the
central moment and the vertex moments.
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Figure 7. Hysteresis loop for the triangle without
a central moment (cf. Fig. 1, red diamonds) and
for the same triangle with a central moment (cf.
Fig. 4, blue squares). (A) Field applied in the
xˆ-direction, (B) field applied in the yˆ-direction.
IV. CONCLUSIONS
We have investigated the coupling between
the structure and the net moment for clus-
ters of magnetic moments relaxing under dipo-
lar forces exclusively. We find that for three-
dimensional structures, magnetic dipole mo-
ments placed at the vertices of various polyhe-
dra relax to form layers of flux-closure. These
Type n A [U0/n] Ac [U0/n]
Tetrahedron 4 ≈ 0-0.01 0.36-0.61
Octahedron 6 ≈ 0 0.15-0.47
Cube 8 ≈ 0-0.01 0.01-0.06
Icosahedron 12 ≈ 0 0.01-0.02
Table II. The hysteresis loop area per moment in
units of U0/n for the listed structures. The areas
listed are the smallest and largest values found
along the field directions tested, with the largest
areas consistently found along the easy direction
of the central moment.
structures have zero remanent moment. We
further find that the sense of rotation of the
flux-closed layers in these structures is depen-
dent on the packing of moments from layer to
layer, such that moments arranged with tri-
angular packing between layers lead to ferro-
toroidicity, while those with square packing
lead to antiferrotoroidicity.
Our analysis of the same structures, but
packed with a single central moment, shows
a dramatic increase in overall magnetic mo-
ment, with resulting net moments up to ap-
proximately 4 times the strength of a single
moment.
Furthermore, we found that hysteresis loops
for a triangle with a central moment has a
4-fold increase in area when averaged over a
range of field directions within the plane of
the triangle, compared to the hysteresis loop
for a triangle without a central moment. The
Platonic structures that we have investigated
show a similar trend, with the addition of a
central moment leading to a significant in-
crease of the hysteresis loop area. This in-
crease is most pronounced for the smaller clus-
ters due to the strong interaction between the
central moment and the vertex moments.
These studies show that it is possible to tune
the magnetic properties of nanoparticle clus-
ters by structural design. One could assume
that, under certain conditions, nanoparticle
clusters will form where a central nanoparti-
cle acts as a nucleation center to which other
moments adhere, creating clusters mimicking
those simulated here. The enhancement of mo-
ments and increase in hysteresis loop area we
have found could thus be applicable to real
experiments, and dipolar interactions could
11
prove to play a more multi-faceted role than
previously thought.
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